Abstract. We suppose that a structure working as a quantum switch will be a significant element of future networks realizing transmissions of quantum information. In this chapter we analyze a process of switch's operating -especially in systems with a noise presence. The noise is caused by a phenomenon of quantum decoherence, i.e. distorting of quantum states because of an environmental influence, and also by some imperfections of quantum gates' implementation. In the face of mentioned problems, the possibility of tracing the switch's behavior during its operating seems very important. To realize that we propose to utilize a Coherence measure which, as we present in this chapter, is sufficient to describe operating of the quantum switch and to verify correctness of this process. It should be also stressed that the value of Coherence measure may be estimated by a quantum circuit, designed especially for this purpose.
Introduction
A field of quantum computing [23] , [24] called quantum communication [12] , [25] , [5] , [13] is a dynamically growing research area of network science [11] , [16] . Quantum communication deals, inter alia, with processing of quantum information. The concept of information transmission/switching in a quantum channel is one of the basic issues connected with quantum communication. In case of quantum information its transmission and switching are non-trivial problems because of non-cloning theorem [27] , [15] and decoherence [9] .
A definition of quantum switch, realizing swapping information between channels A and B, was presented in [20] . A significant issue is to trace the operating of quantum switch, especially when distortions (caused by an influence of external environment) of quantum information occur. Correctness of the process may be, for example, verified with use of quantum entanglement phenomenon -some basic information concerning this method was contained in [4] and [22] . In this chapter we suggest utilizing the Coherence measure [3] to evaluate the correctness of switch's operating. Furthermore, following the results described in [10] we propose of a quantum circuit that estimates of Coherence measure value for a quantum switch. It should be stressed that estimating the value of Coherence measure allows to trace the behavior of quantum system and clearly points out if it works properly.
The chapter is organized as follows. In Sec. 2 the basic information concerning the quantum switch was presented. This section contains description of the switch as a Hamiltonian and as a time-dependent unitary operation. There is also an example of distortions modeled with use of Dzyaloshinskii-Moriya interaction [7] , [19] . Sec. 3 contains definitions of Coherence measure, its properties and two examples of popular realizations.
A description of measures in context of the switch are presented in Sec. 4. We showed direct analytical formulas expressing Coherence measure for the switch during its operating. Conducted numerical experiments demonstrate changes in value of Coherence measure for systems with and without noise. We calculated also an analytical formula describing a difference between the values of Coherence measure for systems without presence of noise and with distortions modeled as Dzyaloshinskii-Moriya interaction.
The summary and plans for further work are presented in Sec. 5. A list of references to other works ends this chapter.
Quantum Switch
A quantum switch, analyzed in this chapter, is a system of three qubits denoted as: A, B, C. The states of qubits A and B are unknown:
The state of C is known and preserves only two possible alternatives: |C = |0 or |C = |1 . A main task of the quantum switch is swapping an unknown states between qubits A and B. This operation is performed conditionally: if the state of qubit |C is |0 then there is no action; but if the state of qubit |C is |1 then the values of quantum states are exchanged between qubits A and B:
The quantum switch may be depict as a circuit built of three quantum gates: two CNOT gates and one Toffoli gate. The conditional swapping of quantum states, realized by the mentioned circuit, is presented at Fig. 1 .
Utilizing the circuit, shown at Fig. 1 , we can denote a matrix form (also shown at Fig. 1 -case (c) ) of an operator realizing the operation performed by the quantum switch describes the complete process of information switching without details concerning particular steps of the process. Calculating a timedependent unitary operation will allow to present the flow of information through the quantum switch during its operating time. To obtain this unitary operation we need to compute a Hamiltonian describing the dynamics of information flow in a quantum register: 
The operator H qs is Hermitian, so introducing a variable t we may obtain a time-dependent unitary operation: 
The operation U qs (t) causes the change of local phase therefore using the phaseflip gate allows to obtain operatorÛ qs (t) which, naturally, does not introduce any change of local phase into the system. Both, shown above, forms of unitary operation U qs (t) let to trace the process of switch's operating according to time t. If the switch acts on a state |AB1 and there is no correction of the local phase then the final state is a pure quantum state:
where t ∈ 0, π 2 . And representation of this operation as a density matrix ρ is also given:
In Sec. 4 we are going to present the values of Coherence measure with the presence of noise. To do that the following Hamiltonian, describing DzyaloshinskiiMoriya (DM) interaction [7] , [19] , will be used:
The notation of operator σ 
where U DM qs stands for the unitary operation. It should be stressed that for D z we obtain the Hamiltonian describing only the quantum switch's operating.
A state of quantum register including an influence of DM interaction may be expressed as:
and γ = −4D 2 z − t 2 . And also as a density matrix ρ:
Introducing the notion of Coherence needs to point the incoherent quantum states. This approach is similar to the measures of quantum entanglement where a set of separable states has to be specified. For a d-dimensional Hilbert space H we have to define a computational basis, for example the standard computational basis: {|i }, for i = 0, 1, 2, 3, . . . , d.. The Coherence measure is basis-dependent, i.e. we consequently use the standard computational basis in this chapter. Incoherent states I and maximally coherent state |φ d are defined as:
where φ i represents a phase of basis element |i . Operations performed on states described as density matrices ρ are termed as Incoherent Operations (IO) if for a Complete Positive and Trace Preserving (CPTP) projection Λ(ρ) = n K n ρK † n we observe that
∈ I for every value of n and δ ∈ I. A set of these operations may be denoted as Λ(δ) ∈ I for each δ ∈ I and it is called Maximal Incoherent Operations (MIO). Naturally:
The Coherence measure for ρ is defined by a real-valued function C(ρ). The function C(ρ) has to fulfil the following properties:
(P1) C(ρ) ≥ 0, ∀ρ and C(δ) = 0 if and only if δ ∈ I, (P2) monotonicity -the coherence measure C cannot increase its value if refers to an operation included in IO or MIO represented by channel Λ: C(Λ(ρ)) ≤ C(ρ), (P3) strong monotonicity with post-selection -for any channel Λ ∈ IO, with given set of Kraus operators {K n }, the coherence measure C cannot increase its average value under the post-selection:
convexity -the value of coherence measure C cannot be increased by mixing quantum states: C( n p n ρ n ) ≤ n p n C(ρ n ).
Generally, if the measure C fulfils the condition P1 and P2 or P3 then it is a monotone function and in this case the measure is very useful. Nowadays, the most widely use Coherence measures are: l 1 -norm coherence (C l1 ) and relative entropy of coherence (C re ). These both measures fulfill the above-mentioned properties.
A significant advantage of both specified measures is their relative simplicity. The l 1 -norm coherence is presented as a sum of all off-diagonal elements of density matrix and the relative entropy of coherence measure is defined as entropy difference:
where S(·) stands for von Neumann entropy and ρ diag denotes a density matrix without the off-diagonal elements.
Coherence Measures for Quantum Switch
The Coherence measures will be utilized to assess the correctness of quantum switch operating. To do it we need to calculate values of these measures for two situations: when analyzed quantum state contains noise and without it. If a quantum state is free from noise, we examine states of two first qubits A and B. After a partial trace operation, which aim is to remove a state of controlling qubit C, we obtain a reduced density matrix:
where the states |A and |B are unknown. Utilizing measure (12) and carrying out some necessary transformations allows to calculate the following formula:
A value of Coherence measure C l1 depends on time and states of qubits. However, if the second qubit |B = |0 , we can use (14) and compute:
As we can see the value of this measure depends only on time elapsing during the switch's operating. Basing on the fact that the quantum state is normalized, we can directly indicate the constraint concerning the value of C l1 measure for the state |A0 :
where the state |A is unknown and the constant ε ∈ R. Generally, the changes of C l1 value allow to trace the work of switch because at the beginning of operating, when t = 0, the value of C l1 is minimal, then in the middle of the process, that is when t = π/4, the value of C l1 is maximal. When the switch finishes operating in a moment t = π/2 the value of C l1 is the same as in the moment t = 0. Fig. 2 depicts the changes of C l1 measure for quantum states:
and, more generally, for the states described as:
where a ∈ 0, π 2 . Remark 1. If the time of switch's operating is extended, for example, to t = π and the value of the parameter a is increased to π, we will observe a periodic character in changes of C l1 value.
The C l1 measure, utilized in quantum systems without presence of noise, offers also the direct possibility of checking if states A and B are the samethat is if the switch operates on state |AA1 .
Theorem 1.
For the quantum switch defined as operation U qs , like in (4) , the value of C l1 for state |AA1 remains unchanged in time t.
Proof. The above theorem may be proofed by calculating the value of C l1 for the state |AA1 . After some transformations of eq. (14) we obtain:
A consequence described by Thm. 1 may be observed at Fig. 2 in case (b) where the top of the chart is flatten for a = π/4. If the noise modelled by DM interaction is present in the system, the C l1 measure shows the distortions' influence on a quantum state:
where the following denotations were used:
We can observe that time t and the level of noise D z directly affect a quantum state by modelling its amplitudes. Naturally, these modifications cause changes of the C l1 measure value.
Utilizing the definitions of states given in (17) and (18) we present an exemplary process of C l1 value's changes when the noise is generated by DM interaction, what is depicted at Fig. 2 . The given characteristic was calculated for D z = 0.5. (17); (b) for a generalized case given in (18) . Plots (c) and (d) present the changes in value of Coherence measure C l 1 when the noise, generated by DM interaction with intensity Dz = 0.5, is present: (c) for some exemplary states A and B given in (17); (d) for a generalized case given in (18) . The changes in value of relative entropy measure Cre: (e) for some particular states; (f) for states A and B given in Eq. (18) . Plots (g) and (h) show the changes in value of Cre measure when the noise, generated by DM interaction with intensity Dz = 0.5, is present: (g) for states given in (17); (h) for states A and B given in (18) The properties (P1)-(P4) indicate that the values of relative entropy of coherence measure C re also correctly depict the differences in a system's operating without and with presence of the DM interaction. For quantum states given in Eq. (17) and Eq. (18) values of relative entropy measure C re are shown at Fig. 2. Additionally, Fig. 2 demonstrates values of C re measure with distortions generated by DM interaction.
Naturally, the Thm. 1 may be also based on relative entropy measure. It may be observed that the value of this measure is:
and again the value of time t is not used.
Regardless the measure, we can observe the difference between values of C l1 in systems with and without noise. If the difference were always equal zero that implies the distortions are impossible to detect.
Proposition 1.
For the switch's states ρ AB and ρ DM AB we denote the value of difference based on the C l1 measure:
where ξ, η, ζ are denoted as in Eq. (20) .
Utilizing Prop. 1 we can directly present an exemplary values of errors occurring during the switch's operating what is depict at Fig. 3 . It should be stressed that the value of difference for exemplary plots at Fig. 3 equals zero only for two points of time t.
An analysis of works [8] and [6] shows that it is possible to design a quantum circuit for an estimation of Coherence measure value. Fig. 3 depicts a circuit built to realize this task. The circuit takes an advantage on quantum states overlapping to estimate a value of Coherence measure -it is approximated with use of quadratic functional estimation of given density operator.
A significant task is to calculate the values of input states |α pi and to denominate the form of gate π i , which usually is the SWAP gate. In [10] it was presented that using the circuit shown at Fig. 3 we can estimate the value of Coherence measure utilizing the Wigner-Yanase-Dyson skew information [26] .
We would like to stress that the estimation of Coherence measure's value for states |A and |B may be calculated by a measurement, for example, of state |α p0 , what was shown in [8] . The probability that |α p0 = |0 may be estimated as:
Tr (ρ A ρ B ) = π 0 = 2P 0 − 1
where ρ A = |A A|, ρ B = |B B| and P 0 is measure projector, whereas π 0 represents estimated value of coherence. The value of this probability estimates also functionals values, including the values of Coherence measure. An accuracy evaluation of the circuit (Fig. 3) is under the analysis in currently prepared paper [21] . 
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